We introduce a novel class of stable lattice solitons with a complex phase structure composed of many singlecharge discrete vortices in a triangular photonic lattice. We demonstrate that such nonlinear self-trapped states are linked to the resonant Bloch modes, which bear a honeycomb pattern of phase dislocations. © 2007 Optical Society of America OCIS codes: 190.4420, 190.5530. Among various transverse effects in nonlinear optics, the light control in periodic photonic structures is receiving a growing interest. 1 Dramatic changes of the diffraction and self-focusing of light in media with periodically modulated refractive index offer novel directions for routing and switching in all-optical photonic devices. One of the interesting problems is to shape the transverse structure of light beams in the lattices and generate self-trapped phase singularities and optical vortices 2 in the form of the discrete vortex solitons 3-6 first generated experimentally in square photonic lattices. 7, 8 Lattice (or discrete) solitons appear as spatially localized states of light in periodic photonic lattices and can be associated with self-trapping of Bloch waves and existing in the gaps of the linear bandgap spectrum. The structure and symmetry of the associated Bloch waves then determine the properties of the corresponding lattice solitons. For example, the fundamental discrete soliton corresponds to the amplitudemodulated Bloch wave in the total-internal-reflection semi-infinite gap, and it originates from the ⌫-point of the linear spectrum. The discrete vortex solitons in a square lattice can be presented as a superposition of two / 2-out-of-phase Bloch waves, similar to selftrapped vortex lattices.
Among various transverse effects in nonlinear optics, the light control in periodic photonic structures is receiving a growing interest. 1 Dramatic changes of the diffraction and self-focusing of light in media with periodically modulated refractive index offer novel directions for routing and switching in all-optical photonic devices. One of the interesting problems is to shape the transverse structure of light beams in the lattices and generate self-trapped phase singularities and optical vortices 2 in the form of the discrete vortex solitons [3] [4] [5] [6] first generated experimentally in square photonic lattices. 7, 8 Lattice (or discrete) solitons appear as spatially localized states of light in periodic photonic lattices and can be associated with self-trapping of Bloch waves and existing in the gaps of the linear bandgap spectrum. The structure and symmetry of the associated Bloch waves then determine the properties of the corresponding lattice solitons. For example, the fundamental discrete soliton corresponds to the amplitudemodulated Bloch wave in the total-internal-reflection semi-infinite gap, and it originates from the ⌫-point of the linear spectrum. The discrete vortex solitons in a square lattice can be presented as a superposition of two / 2-out-of-phase Bloch waves, similar to selftrapped vortex lattices. 9 Nonlinear Bloch waves share the bands of the spectrum with linear Bloch waves, and they became localized in the gaps in the form of truncated nonlinear Bloch waves 10, 11 (TNBWs). Discrete solitons can be viewed as the elementary structures at the limit of such truncation.
In this Letter we analyze the existence of higherorder states with multivortex phase structure. We show that, in a sharp contrast to the square lattices studied earlier, triangular photonic lattices with the threefold symmetry can support multivortex discrete localized states. Such localized modes originate from the specific type of (linear and nonlinear) Bloch waves that carry a periodic pattern of phase dislocations. Surprisingly, we find stable extended localized states with higher vorticity (discrete vortex clusters), whereas their counterparts with lower topological charge experience topological instabilities. 12 We predict the existence of a variety of singular discrete solitons by solving the power balance equations and then find all such multivortex states by a numerical relaxation technique, 13 verifying their stability in direct numerical simulations.
We consider the propagation of optical beams in a medium with a periodically modulated refractive index and photorefractive-type saturable nonlinearity described by the paraxial nonlinear Schrödinger equation 1 for the slowly varying envelope ⌿ of the electric field:
where the propagation variable z and transverse coordinates ͑x , y͒ are measured in millimeters and micrometers, respectively, so that the diffraction coefficient D = 18.015 and the coefficient of nonlinearity I 0 = 2.36. 14 The lattice is optically induced 15, 16 by the linear periodic diffraction-free wave with the intensity distribution given by ing. In experiment, such hexagonal patterns can be generated 9, 17 by interfering three plane waves with intensity V 0 and transverse wave vectors k i , forming a triangle [red dots in Fig. 1(a) 
We look for the stationary solutions of Eq. (1) in the form ⌿͑x , y , z͒ = ͑x , y͒exp͑i␤z͒, where ␤ is the nonlinearity-induced shift of the propagation constant. In the linear limit, the stationary solutions are the (linear) Bloch waves, ͑r͒ = k ͑r͒exp͑ikr͒, where the wave vector k is selected in the first Brillouin zone [see Fig. 1(a) ] and k ͑r͒ is a periodic function. The spectrum ␤͑k͒ of the linear Bloch waves has the band structure shown in Fig. 1(c) . At the center of the Brillouin zone (⌫-point) the Bloch wave has trivial phase and amplitude modulated by the lattice [see Fig. 1(b) ]. However, the Bloch wave at the band edge [M-point in Figs. 1(a) and 1(c)] has a phase with the structure of a vortex lattice [see Fig. 1(e) ]. This nontrivial Bloch wave can be excited through the resonant Zener tunneling in the tilted lattice. 18 The fundamental localized stationary solutions are the bright solitons 17 positioned on the sites of the lattice [ Fig. 1(f) ]. Such self-trapped states exist because of self-focusing nonlinearity; however, their particu-lar structure depends on the lattice symmetry. Complex stationary configurations on the lattice can be constructed as a superposition of the fundamental solitons with specific phase structure. 19, 20 The latter will determine the exchange of energy between individual sites, and thus the energy flow within the cluster. 21 This formalism results in a set of coupled equations for the phase of the n-th soliton n ͑n =1, ...N͒:
where c nj are the coupling coefficients for two solitons determined by nonlinearity as well as symmetry of the lattice. 20 We solve Eq. (2) for different soliton configurations and find the structure of the allowed states and possible phase relations. The simplest singular state is a three-site vortex shown in Fig. 2(b) . Because of the symmetry, the coefficients in Eq. (2) coincide, c nj ϵ c; thus the phases ͑0,2 /3,4 /3͒ of the coupled solitons are determined solely by the lattice geometry, and they are the same as in the case of a stationary azimuthon. 22 The analysis described above predicts the stationary states that we then find numerically by minimizing the error functional. 13 A more general approach 10, 11 allows exploring the relations between linear and nonlinear waves guided by the lattice. Namely, the nonlinearity-induced extension of every linear Bloch wave is an infinite periodic nonlinear Bloch wave, with the amplitude varying with ␤. The dashed curves in the bottom panel of Fig. 2 show two examples of the nonlinear Bloch waves in the totalinternal-reflection gap; the one with the larger amplitude is singular, and we refer to it as the M-Bloch wave, while the one with smaller amplitude, the ⌫-Bloch wave, has a trivial phase.
The nonlinear Bloch wave can be made localized either in the band gaps 10 or, for the case of attractive nonlinearity studied here, in the semi-infinite gap. Fig. 2(a) we show the truncation of the ground-state ⌫-Bloch wave with an imposed vortex phase; we refer to it as ⌫-TNBW because it has an amplitude close to the nonlinear ⌫-Bloch wave and its Fourier image is located close to the origin of Brillouin zone (⌫-point). The amplitude of the fundamental vortex in Fig. 2(b) is between two nonlinear Bloch waves and so is its Fourier image; although it is much broader because of stronger localization, the maxima of the three spots are located between the origin and the edge of the Brillouin zone. Finally, the novel multivortex soliton in Fig. 2(c) has an amplitude approaching the nonlinear M-Bloch wave and its Fourier image occupies three M-points, similar to the lattice wave. Thus the number of vortices within TNBW determines its position in the Brillouin zone and, as we demonstrate below, defines its stability.
The stability properties of the novel multivortex solitons are somewhat surprising. In Fig. 3 we compare the dynamics of two TNBW states occupying the same lattice sites but carrying different vorticity. One would expect 2 that the soliton with higher total topological charge in Figs. 3(a) and 3(b) will be less stable than its lower-order counterpart in Figs. 3(c) and 3(d). In a sharp contrast, we find that the vortex clusters are generally stable, regardless of the number of vortices they carry, while TNBWs with a single vor- tex are unstable. This is a consequence of the modulational instability of the corresponding nonlinear ⌫-Bloch wave. Even when the soliton is strongly trapped by the lattice, as in the case shown in Figs. 3(c) and 3(d), there appears a phase instability that destroys its topological structure, similar to the charge-flipping instability 20 and topological transformations 12 observed in square lattices. Increasing the size of the truncated state leads to more pronounced instability and intensity changes.
In the case of vortex clusters, the symmetry and size of the truncation determine the total charge of the state. As can be seen in Fig. 4(a) , the TNBW with a hexagonal symmetry always has zero total charge, despite the many vortices it contains. In the triangular TNBW, as in Fig. 4(b) , the total charge is given by ͑N −1͒, where N is the number of lobes on the side of the triangle; the sign of the total charge is determined by the orientation of the triangle. For instance, inverting the triangle in Fig. 4(b) leads to a state with the charge −3. Both types of the vortex clusters shown in Fig. 4 can be stable.
In conclusion, we have introduced and studied novel classes of extended self-trapped states of light in triangular photonic lattices in the form of multivortex lattice solitons. We have demonstrated that such nonlinear localized states are linked to the Bloch modes, which are characterized by a honeycomb pattern of phase dislocations. 
